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We explore the possibility of obtaining better constraints from future astronomical data by means
of the Fisher information matrix formalism. In particular, we consider how cosmic microwave back-
ground (CMB) lensing information can improve our parameter error estimation. We consider a
massive neutrino scenario and a time-evolving dark energy equation of state in the ΛCDM frame-
work. We use Planck satellite experimental specifications together with the future galaxy survey
Euclid in our forecast. We found improvements in almost all studied parameters considering Planck
alone when CMB lensing information is used. In this case, the improvement with respect to the
constraints found without using CMB lensing is of 93% around the fiducial value for the neutrino
parameter. The improvement on one of the dark energy parameter reaches 4.4%. When Euclid
information is included in the analysis, the improvements on the neutrino parameter constraint
is of approximately 128% around its fiducial value. The addition of Euclid information provides
smaller errors on the dark energy parameters as well. For Euclid alone, the FoM is a factor of ∼
29 higher than that from Planck alone even considering CMB lensing. Finally, the consideration of
a nearly perfect CMB experiment showed that CMB lensing cannot be neglected specially in more
precise future CMB experiments since it provided in our case a 6 times better FoM in respect to
the unlensed CMB analysis .
I. INTRODUCTION
The discovery of the accelerated expansion of the uni-
verse [1, 2] can be interpreted by introducing in the cos-
mological model a negative pressure component, termed
”dark energy”. The simplest dark energy candidate is
a cosmological constant Λ, having constant equation of
state wde = Pde/ρde = −1. Together with a pressure-
less cold dark matter component (CDM), this constitutes
the standard ΛCDM model. Although this ”concordance
model” is in very good agreement with a variety of cos-
mological observations [3, 4], different candidates of dark
energy cannot be discarded yet. Moreover, the basic cos-
mological constant scenario has two difficulties known
as ”fine-tuning” and cosmic coincidence problems (see,
e.g., [5]). To overcome these problems alternative can-
didates for the dark energy have been proposed, such as
the quintessence [6] that allows the possibility of a time-
dependent equation of state [7]. In this paper, we will
assume a redshift dependent equation of state for the
dark energy,
wde(z) =
Pde(z)
ρde(z)
. (1)
and adopt the well-known Chevalier-Plarsky-Linder
parametrization [7, 8]
∗ larissa.santos@roma2.infn.it
wde(a) = w0 + (1 − a)wa. (2)
Cosmological observation can in principle be used to
constrain the neutrinos’ masses. It was shown by neu-
trino oscillation experiments that neutrinos have non-
zero masses (see [9] and references therein). However,
these experiments can only constrain the neutrinos mass-
square differences and not their individual values (for a
review in neutrino masses see de Gouvea [10]). On the
other hand, cosmological probes are most sensitive to
the total neutrino masses,
∑
mν . Using CMB radiation
data only, from Planck satellite, an upper limit to
∑
mν
of 0.933 eV at 95% C.L was found [16].
Ων =
mν
94h2eV
. (3)
However, the dark energy equation of state and the
neutrinos’ total mass parameters are degenerated (see,
e.g.,[11]). Some work has already been done to constrain
both parameters simultaneously in a few dark energy sce-
narios, such as for models with a constant and a time-
varying equations of state [12–15].
Our goal is to forecast the constraint in total mass
of neutrinos in a time evolving dark energy model, us-
ing CMB temperature and polarization power spectrum
from the Planck satellite experimental setup (including
also CMB lensing information), as well as the large-scale
matter distribution that can be observed by Euclid sur-
vey. We emphasize the usage of Planck CMB polarization
2information since its temperature data has been recently
released [16]. We assume a geometrically flat ΛCDM
model with two massive neutrinos with identical mass
and one massless in a inverted hierarchy mass splitting,
being mν = 0.125 eV for each massive neutrino. The
fiducial parameters are h2ωb = 0.02219, h
2ωc = 0.1122,
h2ων = 0.0027, h = 0.65, ns = 0.952. We normal-
ize the CMB power spectra to COBE. For similar ap-
proaches see Joudaki & Kaplinghat [15], Hollenstein et al.
[17], Namikawa et al. [19], Das et al. [20], Hall & Challi-
nor [21], Hamann et al. [22] . The paper is organized as
follows: We give a small introduction on CMB lensing in
Sec. II. In Sec. III, we briefly review the Fisher informa-
tion matrix formalism for the CMB (with and without
lensing information) and for a galaxy survey. Finally
present our results in Sec. IV, followed by our discussion
and conclusions in Sec. V.
II. CMB LENSING
A small effect that can be observed in CMB power
spectrum regards the deflection of photons, during their
travel between the last scattering surface and the ob-
server, by gravitational potentials Ψ due to clusters of
galaxies. Smith et al. [23] detected the CMB lensing sig-
nal for the first time by cross correlating WMAP data
to radio galaxy counts in the NRAO VLA sky survey
(NVSS). Recently, the detection of the gravitational lens-
ing using CMB temperature maps alone and the mea-
surement of the power spectrum of the projected gravita-
tional potential were done using the Atacama Cosmology
Telescope and the South Pole Telescope [24, 25].
The lensing potential is defined as:
ψ(nˆ) ≡ −2
∫ χ∗
0
dχ
χ∗ − χ
χ∗χ
Ψ(χnˆ; η0 − χ), (4)
being χ∗ the comoving distance and η0−χ is the confor-
mal time at which the photon was at position χnˆ.
The lensing effect remaps the temperature and polar-
ization fields as
∆T˜(nˆ)
T
=
∆T(nˆ’)
T
=
∆T(nˆ+ d)
T
, (5)
[Q+ iU ](nˆ) = [Q+ iU ](nˆ+ d). (6)
where in the case of the temperature field, the temper-
ature T of the lensed CMB in a direction nˆ is equal to
the unlensed CMB in a different direction nˆ’. Both these
directions, nˆ and nˆ’, differ by the deflection angle d. To
first order, the deflection angle is simply the lensing po-
tential gradient, d = ∇ψ. In the same way, the effect of
lensing in CMB polarization is written in terms of the
Stokes parameters Q(nˆ) and U(nˆ) (for a review in CMB
polarization theory, see Cabella & Kamionkowski [26]) :
CMB lensing has important quantitative contributions
that should be taken into account, therefore a lot of work
has been done to CMB lensing reconstruction techniques
(e.g. Bucher et al. [28], Carvalho & Tereno [29], Hu
[30], Okamoto & Hu [31], Smith et al. [32]). In this
paper, we use the CAMB software package [33] to ob-
tain the numerical lensed and unlensed power spectra
(CTT , CEE , CBB, CTE and Cdd, CTd, CEd) for our cos-
mological model with l ≤ 2749. We then use this predic-
tions to forecast how CMB lensing information will help
us constraining our model.
III. METHOD
We apply the Fisher information matrix formalism to
a Planck-like experiment [34], considering both tempera-
ture and polarization for the lensend and unlensed CMB
spectrum, and to an experiment such as the future Eu-
clid survey. We forecast the dark energy and the massive
neutrinos parameters in our fiducial model. In addition,
we check the impact of CMB lensing information on the
constraints of the mentioned parameters in a nearly per-
fect CMB experiment.
A. Information from CMB
The Fisher information matrix for the CMB tempera-
ture anisotropy and polarization is given by [37]
Fij =
∑
l
∑
XY
∂CXl
∂pi
(Cov−1l )XY
∂CYl
∂pj
, (7)
where CXl is the power in the lth multipole, X stands for
TT (temperature), EE (E-mode polarization), BB (B-
mode polarization) and TE (temperature and E-mode
polarization cross-correlation). We will not include pri-
mordial B-modes in the analysis since the measurement
of the primordial CBBl by Planck is expected to be noise
dominated. Our covariance matrix becomes therefore:
Covl =
2
(2l + 1)fsky

 ΞTTTT ΞTTEE ΞTTTEΞEETT ΞEEEE ΞEETE
ΞTETT ΞTEEE ΞTETE

 . (8)
Explicit expressions for the matrix elements are given in
the appendix Section A.
For the lensed case we performed a correction in the
covariance matrix elements taking into consideration the
power spectrum of the deflection angle and its cross cor-
relation with temperature and E-polarization, CTdl and
CEdl . We used the same procedure introduced in [36] to
obtain the covariance matrix elements using the new in-
formation of CEdl power spectrum (see appendix Section
B).
3We also change in this case the unlensed CMB power
spectra, CXl , for the lensed ones, C˜
X
l . Note that in this
case we are taking into consideration the B-mode polar-
ization generated by the CMB gravitational lensing from
the E-mode polarization.
When we include these corrections, the covariance ma-
trix becomes:
Covl =
2
(2l + 1)fsky

ξTTTT ξTTEE ξTTTE ξTTTd ξTTdd ξTTEd 0
ξTTEE ξEEEE ξEETE ξEETd ξEEdd ξEEEd 0
ξTTTE ξEETE ξTETE ξTETd ξTEdd ξTEEd 0
ξTTTd ξEETd ξTETd ξTdTd ξTddd ξTdEd 0
ξTTdd ξEEdd ξTEdd ξTddd ξdddd ξddEd 0
ξTTEd ξEEEd ξTEEd ξTdEd ξddEd ξEdEd 0
0 0 0 0 0 0 ξBBBB


.
(9)
ξTTTT =
(
C˜
TT
l +N
TT
l
)2
(10)
ξEEEE =
(
C˜
EE
l +N
PP
l
)2
, (11)
ξdddd =
(
Cddl +N
dd
l
)2
, (12)
ξBBBB =
(
C˜
BB
l +N
PP
l
)2
, (13)
ξTETE =
1
2
[(
C˜
TE
l
)2
+
(
C˜
TT
l +N
TT
l
)(
C˜
EE
l +N
PP
l
)]
,
(14)
ξTdTd =
1
2
[(
CTdl
)2
+
(
C˜
TT
l +N
TT
l
) (
Cddl +N
dd
l
)]
,
(15)
ξEdEd =
1
2
[(
CEdl
)2
+
(
Cddl +N
dd
l
) (
C˜
EE
l +N
PP
l
)]
,
(16)
ξTTEE =
(
C˜
TE
l
)2
, (17)
ξTTdd =
(
CTdl
)2
, (18)
ξEEdd =
(
CEdl
)2
, (19)
ξTEdd = C
Ed
l C
Td
l , (20)
ξEETd = C
Ed
l C
TE
l , (21)
ξTTEd = C
Td
l C
TE
l , (22)
ξTTTE = C˜
TE
l
(
C˜
TT
l +N
TT
l
)
, (23)
ξEETE = C˜
TE
l
(
C˜
EE
l +N
PP
l
)
, (24)
ξTTTd = C
Td
l
(
C˜
TT
l +N
TT
l
)
(25)
ξTddd = C
Td
l
(
Cddl +N
dd
l
)
, (26)
ξddEd = C
Ed
l
(
Cddl +N
dd
l
)
, (27)
ξEEEd = C
Ed
l
(
C˜
EE
l +N
PP
l
)
, (28)
ξTETd =
1
2
[
CTdl C˜
TE
l + C
Ed
l
(
C˜
TT
l +N
TT
l
)]
, (29)
ξTEEd =
1
2
[(
C˜
EE
l +N
PP
l
)
CTdl + C
Ed
l C˜
TE
l
]
, (30)
ξTdEd =
1
2
[
CEdl C
Td
l +
(
Cddl +N
dd
l
)
C˜
TE
l
]
, (31)
In these equations, NTTl and N
PP
l are the gaussian
random detector noises for temperature and polariza-
tion respectively, which expression is written using the
window function, B2l = exp[−l(l + 1)θ
2
beam/8 ln 2] and
the inverse square of the detector noise level for tem-
perature and polarization, wT and wP . The Full Width
Half Maximum (FWHM), θbeam, is used in radians and
w = (θbeamσ)
−2 is the weight given to each considered
Planck channel [35] . We tested two types of experimen-
tal setups that can be checked in Tables I and II .
NTTl = [(wTB
2
l )100+(wTB
2
l )143+(wTB
2
l )217+(wTB
2
l )353]
−1
(32)
4TABLE I. Planck specificationsa. We used fsky = 0.65.
Frequency (GHz) θbeam σT (µK − arc) σP (µK − arc)
100 9.5’ 6.82 10.9120
143 7.1’ 6.0016 11.4576
217 5.0’ 13.0944 26.7644
353 5.0’ 40.1016 81.2944
a See Planck mission blue book at
http://www.rssd.esa.int/SA/PLANCK/docs/Bluebook-ESA-SCI(2005)1 V2.pdf
TABLE II. Nearly perfect experiment suggested by Okamoto
& Hu [31], Hu & Okamoto [38]). We used fsky = 0.90.
θbeam σT (µK − arc) σP (µK − arc)
4.0’ 0.093 × 10−6 0.13 × 10−6
NPPl = [(wPB
2
l )100+(wPB
2
l )143+(wPB
2
l )217+(wPB
2
l )353]
−1
(33)
Here we used four channels, 100, 143, 217 and 353GHz
of the Planck experiment as can be seen from the equa-
tions 32 and 33.
In addition, Nddl is the optimal quadratic estimator
noise of the deflection field (we consider only the TT
quadratic estimator noise for the planck experiment since
it provides the best estimator). For the nearly ideal ex-
periment we consider the minimum variance (MV) esti-
mator noise written as a combination of the noises TB,
TT, TE, EE and EB of the quadratic estimators (for
a review in the topic, see Okamoto & Hu [31], Hu &
Okamoto [38])). Figure 1 shows the quadratic estimator
noises for our fiducial model considering Planck and the
nearly ideal experiment.
B. Information from galaxy survey: Baryonic
acoustic oscillation
We show here how the baryonic acoustic oscillation
(BAO) information can be used to forecast errors in the
dark energy parameters using the fisher formalism. It was
shown by [40] that the Hubble parameter H(z) and the
angular diameter distance Da(z) can be measured very
precisely by using the BAO information present in the
matter power spectrum. H(z) and Da(z) are expected to
be determined as a function of redshift by future galaxy
surveys. The goal is then to propagate the errors on H(z)
and Da(z) to the constraints of dark energy parameters.
We start defining the observed galaxy power spectrum
in a reference cosmology (in our case we use the ΛCDM
model), distinguished by the subscript ”ref”, (different
from the true spectrum, referred as no subscript) that
will be used to derive the cosmological parameters con-
straints using a galaxy survey that covers a wide range
of redshifts. Following [40],
Pobs(kref⊥, kref‖) =
Da(z)2ref ×H(z)
Da(z)2 ×H(z)ref
Pg(kref , kref )+Pshot
(34)
Where the Hubble parameter H(z) in a flat Universe is
related to the dark energy parameters through
H(z) = H0
√
Ωm(1 + z)3 + Ωde(1 + z)3(1+w0+wa) exp (3wa(a− 1)),
(35)
and the angular diameter distance is defined as
Da(z) =
c
1 + z
∫ z
0
dz
H(z)
, (36)
.
Pshot is the unknown Poisson shot noise.
The wavenumbers across and along the line of sight are
denoted by k⊥ and k‖. It is important to point out that
the wavenumbers in the reference cosmology are related
to the ones in the true cosmology by
kref⊥ = k⊥
Da(z)
Da(z)ref
kref‖ = k‖
H(z)ref
H(z)
.
(37)
Moreover, we define the galaxy power spectrum, Pg ,
including the redshift distortions:
Pg(kref⊥, kref‖) = b
2(z)
(
1 + βµ2
)2(G(z)
G(0)
)2
×Pmatter,z=0(k)e
−k2µ2σ2
r ,
(38)
where µ = k · rˆ/k , being rˆ the unit vector along
the line of sight and the linear matter power spec-
trum, Pmatter,z=0(k), was generated using CAMB soft-
ware package [33] and COBE normalized. The kmax is
chosen in a way to exclude information from non linear
regime where equation 34 is inaccurate (see [40]). For
an approach considering the non-linear regime see, for
example, [41–44]. Moreover, for the impact of precisely
modeling systematic effects, such as the non-linear clus-
tering and redshift space distortions, in the evolution of
BAO see [45–47]. The exponential damping factor is due
to redshift uncertainties, where σr = cσz/H(z). G(z),
β(z) and b(z) are the growth function, the linear redshift
space distortion parameter and the linear galaxy bias re-
spectively. We use a growth factor dependent on the dark
energy parameter and massive neutrinos effect computed
by [48]. The growth rate of perturbations is defined as
f ≡
d lnG
d ln a
, (39)
where the growth function G(z) is related to the den-
sity of matter. In a matter dominated Universe f ≈
5Ωm(z)
0.6, with Ωm(z) = H
2
0Ωm(1 + z)
3/H2(z). More
generally, we use f = νΩm(z)
α with
α = α0 + α1[1− Ωm(z)],
α0 =
3
5− w1−w
,
α1 =
3
125
(1− w)(1 − 3w/2)
(1− 6w/5)3
.
(40)
ν is a numerical function dependent on Ωde and fν =
Ων/Ωm (see Equation 17 and Table 5 of [48]).
The linear redshift space distortion is also defined as a
function os the growth rate and the galaxy bias.
β(z) ≡
f
b(z)
. (41)
1. Fisher formalism
The Fisher information matrix for the matter power
spectrum obtained from galaxy surveys is given by [57]
Fij =
∫ 1
−1
∫ kmax
kmin
∂ lnP (k, µ)
∂pi
∂ lnP (k, µ)
∂pj
Veff(k, µ)
2pik2dkdµ
2(2pi)3
.
(42)
The effective volume of the survey for a constant co-
moving number density is given by
Veff(k, µ) =
[
n¯(r)Pg(k, µ)
1 + n¯(r)Pg(k, µ)
]2
V survey. (43)
We use information of an Euclid like survey with area
of 20000 deg2, redshift accuracy of σz/(1 + z) = 0.001
and a redshift range 0.5 ≤ z ≤ 2.1. Finally we dived
our forecast into 15 redshift slices of ∆z = 0.1 centered
in zi. We chose the initial set of parameters P =
{h2Ωb, h
2Ωc, h
2Ων , H(zi), Da(zi), G(zi), β(zi), P
i
shot}.
For each redshift bin we use the specifications on Table
III (see [49, 50] and references therein).
To obtain the constraints on our final set of parameters
Q = {h2Ωb, h
2Ωc, h
2Ων , w0, wa}, first we marginalize our
first fisher matrix overG(zi), β(zi), P
i
shot and use this sub
matrix to change into the desired variables as
FDE,ij =
∑
α,β
∂Pα
∂Qi
F subαβ
∂Pβ
∂Qj
(44)
C. Information from galaxy survey: Weak lensing
In this subsection, we show how weak lensing (WL)
information can improve the constraints on cosmologi-
cal parameters, in our case specially for dark energy and
TABLE III. Values of kmax, the galaxy bias and the galaxy
density for each redshift bin.
zi Kmax (hMpc
−1) b(z) n(z) ×10−3(h/Mpc)3
0.55 0.144 1.0423 3.56
0.65 0.153 1.0668 3.56
0.75 0.163 1.1084 2.42
0.85 0.174 1.1145 2.42
0.95 0.185 1.1107 1.81
1.05 0.197 1.1652 1.81
1.15 0.2 1.2262 1.44
1.25 0.2 1.2769 1.44
1.35 0.2 1.2960 0.99
1.45 0.2 1.3159 0.99
1.55 0.2 1.4416 0.55
1.65 0.2 1.4915 0.55
1.75 0.2 1.4973 0.29
1.85 0.2 1.5332 0.29
1.95 0.2 1.5705 0.15
neutrinos’ densities parameters using the fisher formal-
ism. The observable, in weak lensing surveys, is the con-
vergence power spectrum. In the analysis presented in
this paper, we use an extension of the CAMB software
with Halofit approximation (recently updated according
to [51]) to generate the convergence power spectra Pij ,
where the subscripts i and j stand to the lensed galaxies
redshift bins. The fisher matrix for weak lensing is then
given by [52]
Fαβ = fsky
∑
l
(2l + 1)
2
∂Pij
∂pα
(C−1)jk
∂Pkm
∂pβ
(C−1)mi. (45)
The covariance matrix is defined as
Cjk = Pjk + δjk〈γ
2
int〉n
−1
j , (46)
being γint the r.m.s intrinsic shear and nj the number
of galaxies per steradian in the j-th bin
nj = 3600d
(
180
pi
)2
nˆj . (47)
In the equation above, d is the number of galaxies
per square arcminute and nˆj is fraction of sources be-
longing to a certain bin. We compute our calculations
considering an Euclid-like experiment following [55] with
fsky = 1/2, d = 40 and 〈γ
2
int〉
1/2 = 0.22 . We take the
range 0.5 ≤ z ≤ 2.0 and divide it into 4 equal-galaxy-
number bins. We also consider 10 ≤ l ≤ 10000. In this
case, we tested the analysis for a maximum multipole of
3000 and no significant change was found confirming that
both larger and smaller multipoles do not give a signif-
icant contribution to the results (see [17]). The photo-z
error is assumed to be normal distributed with variance
σz = 0.005(1 + z). It is important to point out that
6non-gaussian errors can be significant in the measure-
ments of weak lensing, degrading the signal-to-noise ra-
tio of convergence power spectrum [53] and therefore the
marginalized errors on individual parameters by a few
percent [54].
IV. RESULTS
We performed the forecast for Planck alone, with and
without considering CMB lensing. Moreover, we intro-
duced the Euclid forecast, combining the results approx-
imately as
FTotalij = F
Planck
ij + F
Euclid (BAO)
ij + F
Euclid (WL)
ij . (48)
It was shown by Hollenstein et al. [17] that the covari-
ance between the measurements of cosmic shear tomog-
raphy and the CMB lensing can be safely neglected since
the redshifts in which they are probed are quite distinct
from each other.
We found the best limits for the neutrino density, w0
and wa in the combined Planck (with lensing)+ Euclid
(BAO +WL). We have that 0.00244 < h2Ων < 0.00296,
−0.953 < w0 < −0.947 and −0.03 < wa < 0.03 (95%
C.L) as it can be inferred from column 6 of Table IV . The
Figure of Merit (FoM), described as the reciprocal of the
95% confidence limit’s area of the error ellipse from the
plane w0 - wa [18], of Euclid (BAO +WL) is a factor ∼
29 higher than the FoM for Planck alone even when CMB
lensing is considered. Euclid will be able to strongly con-
straint the late-universe parameters. The combined re-
sult Planck (with lensing)+ Euclid (BAO +WL) still im-
proves the FoM in respect to Euclid (BAO +WL) in a
factor of ∼ 3. In Figure 2 we show the 2 sigma fisher
contours.
In table V we show how CMB lensing could affect the
parameters constraints for an almost ideal experiment.
In this case, we see a substantial improvement of about
6 times in the FoM when CMB lensing is considered.
Comparing also with Planck experiment, the nearly ideal
experiment improves the FoM by a factor of 5 without
considering lensing information in any case. For the neu-
trino parameter we have that h2Ων < 0.005872 without
lensing and h2Ων < 0.003113 when lensing CMB is con-
sidered. On the other hand, the use of the cross power
spectrum between the deflection angle and the E mode
polarization makes no significant impact on any cosmo-
logical parameter constraint. Figure 3 shows the fisher
contours for the unlensed and lensed analysis. Note that
the 2 sigma contour obtained when we use Cdd and Ctd
power spectra overlap the 2 sigma contour when we also
add the Ced power spectrum.
V. DISCUSSION AND CONCLUSIONS
We are considering massive neutrinos and a time evolv-
ing equation of state in the ΛCDM model. Using the
Fisher formalism, we obtained the best constraints pos-
sible for h2Ων , w0 and wa considering Planck and Euclid
survey.
One of the goals of this work has been to quantify the
influence of CMB lensing information in the constraints
of the parameters of interest, especially h2Ων , w0 and
wa. We saw on columns 3 and 4 from Table IV that we
improve the constraints in basically all the studied cos-
mological parameters. The improvement found on h2Ων
for the Planck 1 sigma error alone varied from approxi-
mately 133% to 40% from its fiducial value without using
CMB lensing and using CMB lensing information respec-
tively. For w0 the error is 4.4% smaller when CMB lens-
ing is taken into consideration. The 2 sigma constraint on
wa from Planck alone varies from −0.168 < wa < 0.168
(without CMB lensing) and −0.114 < wa < 0.114.
When we add Euclid information to Planck informa-
tion, we get an impressive improvement of 128.2% on the
1 sigma error of h2Ων considering the results from Planck
without lensing and Planck (+ lensing) + Euclid (BAO
+ WL). An improvement of approximately 9% in the er-
ror of w0 was found when including Euclid information
to the Planck forecast.
In the case of a nearly perfect CMB experiment, as
mentioned before, CMB lensing improved all the con-
straints of the tested parameters. It is clear from the
analysis that CMB lensing can play an important role in
constraining cosmological parameters in future CMB ex-
periments and must be taken into account. On another
hand, the Ced power spectra can be safely neglected in
near future CMB experiments since its contribution to
the parameters constraints is minimum.
ACKNOWLEDGMENTS
The authors would like to thank Carmelita Carbone
and Yun Wang for useful discussions. This work has
been partially supported by ASI contract for Planck LFI
activity of Phase E2.
Appendix A: Elements of the unlensed covariance
matrix
The elements of the covariance matrix in the unlensed
case are:
ΞTTTT = (C
TT
l +N
TT
l )
2, (A1)
ΞEEEE = (C
EE
l +N
PP
l )
2, (A2)
7TABLE IV. Marginalized errors for ΛCDM model with two massive neutrinos with identical mass and one massless in a inverted
hierarchy mass splitting (mν = 0.125 eV) .
Parameter Fiducial Planck Planck EUCLID Planck + EUCLID
value T + P T+ P+ lens (BAO + WL)
h2Ωb 0.02219 0.00012 0.00012 0.00034 7.9e-05
h2Ωc 0.01122 0.00080 0.00070 0.00011 8.2e-05
h2Ων 0.0027 0.0036 0.0011 0.00035 0.00013
w0 -0.95 0.084 0.042 0.0027 0.0015
wa 0 0.084 0.057 0.036 0.015
FoM - 8.21 25.81 732.97 2909.13
Relative FoM a - 1 3.14 89.3 354.34
a Relative FoM in respecto to Planck (T+P) without CMB lensing.
TABLE V. Marginalized errors for ΛCDM model with two massive neutrinos with identical mass and one massless in a inverted
hierarchy mass splitting (mν = 0.125 eV) for a nearly perfect experiment .
Parameter Fiducial T + P+ T+ P
value T+P (unlensed) lens (Cdd and Ctd) lens (Cdd, Ctd and Ced)
h2Ωb 0.02219 2.4778e-05 2.2296e-05 2.2285e-05
h2Ωc 0.01122 0.0004420 0.0003073 0.0003071
h2Ων 0.0027 0.0015860 0.0002065 0.0002064
w0 -0.95 0.0338432 0.0142514 0.0142416
wa 0 0.0338432 0.0238881 0.0238811
FoM - 41.83 255.43 255.63
Relative FoM - 1 6.106 6.111
ΞBBBB = (C
BB
l +N
PP
l )
2, (A3)
ΞTETE =(C
TE
l )
2 + (CTTl +N
TT
l )
× (CEEl +N
PP
l ),
(A4)
ΞTTEE = (C
TE
l )
2, (A5)
ΞTTTE = C
TE
l (C
TT
l +N
TT
l ), (A6)
ΞEETE = C
TE
l (C
EE
l +N
PP
l ), (A7)
ΞTTBB = ΞEEBB = ΞTEBB = 0. (A8)
Appendix B: Elements of the lensed covariance
matrix
First of all, we make use of the effective χ2 defined in
Equation (3.3) of [36].
χ2eff =
∑
l
(2l + 1)
(
D
|C|
+ ln
|C|
|Cˆ|
− 3
)
(B1)
where is our case D is defined to be
D = Cˆ
TT
CEECddCBB + CTT Cˆ
EE
CddCBB +CTTCEECˆ
dd
CBB
+CTTCEECddCˆ
BB
+ 2(Cˆ
TE
CEdCTdCBB +CTECˆ
Ed
CTdCBB
+CTECEdCˆ
Td
CBB + CTECEdCTdCˆ
BB
)−CEd(Cˆ
TT
CBBCEd
+CTT Cˆ
BB
CEd + 2CTTCBBCˆ
Ed
)−CTE(Cˆ
dd
CBBCTE
+CddCˆ
BB
CTE + 2CddCBBCˆ
TE
)−CTd(Cˆ
EE
CBBCTd
+CEECˆ
BB
CTd + 2CEECBBCˆ
Td
,
(B2)
and |C| , |Cˆ| are the determinants of the theoretical
and observed data covariance matrices
|Cˆ| = Cˆ
TT
Cˆ
EE
Cˆ
dd
Cˆ
BB
+ 2Cˆ
TE
Cˆ
Ed
Cˆ
Td
Cˆ
BB
−Cˆ
TT
Cˆ
BB
(Cˆ
Ed
)2 − Cˆ
dd
Cˆ
BB
(Cˆ
TE
)2 − Cˆ
EE
Cˆ
BB
(Cˆ
Td
)2,
(B3)
|C| = CTTCEECddCBB + 2CTECEdCTdCBB
−CTTCBB(CEd)2 − CddCBB(CTE)2 − CEECBB(CTd)2.
(B4)
8The theoretical covariance matrix M is given by
M =


CTT CTE CTd 0
CTE CEE CEd 0
CTd CEd Cdd 0
0 0 0 CBB .

 . (B5)
The fisher matrix information is then derived from
the second order derivative of the likelihood function, L,
from an observing data set x given the real parameters
p1, p2, p3, ..., pn:
Fij = −
〈
∂2 lnL
∂pi∂pj
〉
x
, (B6)
knowing that χ2eff ≡ −2 lnL, we derived the new ele-
ments for the covariance matrix 9.
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FIG. 1. The CMB deflection field and its quadratic estimator noises for planck experiment (up) specifications and for the
nearly ideal experiment (down).
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FIG. 2. Fisher contours for our fiducial model. The contours represent 95.4% C.L. for CMB (red), for Euclid galaxy survey
(blue) and for the combination of CMB + Euclid (filled green) (see Table IV).
FIG. 3. Fisher contours with and without lensing information in orange and purple respectively. The contours represent 95.4%
C.L. for CMB. (see Table V).
